
Pergamon 

In/ J tlrar Man Trun~fer. Vol. 40, No IX, pp. 43794391, 1997 
r” 1997 Elsevm Science Ltd. All rights reserved 

Prmted K, Great Br~tam 
0017 9310197 $17.00+0.00 

PI1 : s0017-9310(97)ooo50-1 

The influence of non-constant diffusivities on 
solar ponds stability 

M. GIESTAS and A. JOYCE 

Instituto National de Engenharia e Tecnologia Industrial, Portugal 

and 

H. PINA 

Instituto Superior Tecnico, Portugal 

(Received 4 February 1997) 

Abstract-A solar pond is a basin of water where solar energy is trapped due to an artificially created 
gradient of salinity that prevents convective motions. The present study intends to clarify the contribution 
of non-constant diffusion coefficients for the stability of the gradient layer together with the influence of 
solar radiation absorption, the thermal and molecular diffusivities being assumed to be linear functions of 
the vertical co-ordinate 2. The analysis shows that the consideration of these two effects decreases the 
margin of stability in comparison with previous studies based on a layer of fluid heated from below 
with constant diffusivities coefficients and linear profiles for both temperature and salt. 0 1997 Elsevier 

Science Ltd. 

1. INTRODUCTION 

A solar pond is a basin of water where a salinity 
gradient is artificially created in order to prevent con- 
vective motions induced by solar radiation absorp- 
tion. 

In the gradient layer of a solar pond temperature 
and salt diffusion proceed with different rates. This 
difference is responsible for the presence of oscillatory 
movements in the layer that can be amplified and can 
degenerate into pure convective motions even in the 
situation where the layer is gravitically stable, i.e. 
when density increases towards the bottom. 

The marginal states for the beginning of these oscil- 
latory movements were obtained previously by 
Veronis [ 11, for a layer of fluid with constant diffusion 
coefficients and, therefore, constant gradients of tem- 
perature and salt. Nevertheless in a real pond, due 
to the absorption of solar radiation and to the non- 
constant diffusion coefficients, linear profiles of tem- 
perature and salt are rarely present [12]. 

The influence of radiation absorption in the layer 
has been previously studied by Giestas et al. [4], where 
the corresponding marginal states were determined. 
The steady-state solution for temperature confirmed 
the non-linearity of the profile and the marginal states 
obtained did not differ appreciably from previous 
results of Veronis [l, 51, except for the case of low 
values of the salinity Rayleigh numbers. 

The present analysis aims to assess the influence on 
the stability limits of the joint effect of solar radiation 

absorption in the layer and non-constant diffusion 
coefficients. In a solar pond three well-defined zones 
can be identified (see Fig. 1). The lower and the surface 
zones are basically convective zones; in the middle 
zone where gradients are formed convection must be 
prevented. With this structure solar energy absorbed 
in the bottom is trapped due to the fact that water is 
a poor conductor of heat. In the upper layer there is 
a superposition of free convective motions and of wind 
driven motion. The lower layer is characterised only 
by free convective motions or eventually by motions 
induced by fluid injection or extraction associated 
with energy extraction from the pond. These two 
zones have a complex structure and their study is not 
the aim of this paper. The purpose of the present work 
is to analyse the stability of the middle zone which is 
motionless in an initial state due to the presence of 
the stabilising salt gradient. 

The conditions for the non-convectivity of the 
gradient zone can be analysed assuming a two-dimen- 
sional layer of fluid. All dependent variables are func- 
tions of the horizontal x and vertical (pointing 
upwards) z co-ordinates and of the time t. Thermal 
and salt diffusion coefficients KT and KS are considered 
to be dependent on z. Steady-state solutions are 
obtained setting the velocity v and all time derivatives 
equal to zero. 

The stability of the gradient zone will be analysed 
by superposing perturbations upon the steady-state 
solutions and the study of the time evolution of per- 
turbations follows the work of Veronis [I] and Schech- 
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NOMENCLATURE 

a coef. (derived from equation (54)) TX upper convective zone temperature 
A,(z) auxiliary function, equation (5 1) [“Cl 
a,(t), as(t), b,(t), b2(t), c,(t) coef., equations V velocity field [m s-l] 

(39)-(43) x, y, z Cartesian co-ordinates. 
C, S, coef., equation (63) 
CP specific heat [J kg-’ “C’] Greek symbols 
d depth of gradient zone [m] 

; 
coef. of thermal expansion [“C -‘I 

F coefficient, equation (64) coef. of salt expansion [m’ kgg’] 
F, coefficent, equation (51) i cell typical length in the x 
9 acceleration of gravity [m ss’] direction [m] 
hd convection heat transfer coef. P extinction coefficient [m-‘1 

[Wm -2 “C -‘I V kinematic viscosity [m’ s- ‘1 
k unit vector pointing upwards p, pm density and mean density [kg m-‘1 
K,(z), K,(z) thermal and salt diffusivities OXZ shear stress [N m-‘1 

[m’s_‘] T inverse Schmidt number 
K, thermal conductivity of water rpZ trial functions 

[w m-’ “C’] * stream function. 
P pressure [N m-‘1 
L,, L,, L3 coef., equations (39)-(43) Superscripts 
P coef., equations (58)-(62) X undisturbed variable 
q(d) heat flux at upper boundary (z = d) AT = T(0) - T(d) 

[W mm’] 2 perturbed variable AS = S(0) -S(d) 
4 heat flux at lower boundary (-7 = 0) i adimensionlised variable 

[w m-‘I 
4 rate of energy generation per unity 

volume p m-‘1 
Vv = ($$;) 

R,, R, Rayleigh numbers for temperature R time derivative 
and salinity 

S salinity [kg mm31 
V2=$.Z+l, 

ay2 a2 
t time [s] af ag af ag 
T temperature [“Cl J(h9) =~~-~~. 

2. PROBLEM FORMULATION: THE INFLUENCE 

OF NON-CONSTANT DIFFUSION 

COEFFICIENTS 

In this section the problem of a layer of fluid with 
non-constant diffusion coefficients is analysed. To 
model the gradient zone the Boussinesq approxi- 

equations [l-4,7] is writ- 

Storage 
zone ; +(v.V)v = - $Vp+g(aT-PS)E+vV’v (1) 

Velocity Temperature Salinity 

Fig. 1. Solar pond structure. 

, . . 

v-v=0 (2) 

ter [2]. A weak formulation of the governing equations 
and a Galerkin method are employed to obtained 
approximate solutions [9, 10,6]. This procedure leads 
to a non-linear system of ordinary differential equa- 
tions which in order to obtain the linear stability con- 
ditions is linearised around the steady-state solution. 

aT 
ar +v.VT = V*(K,VT) 

$ +v*VS = V*(KsVS) 

p = ~~(1 -cxT+pS). 

(3) 

(4) 

(5) 
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The layer is considered to be infinite in the x and y 
directions and the boundary conditions are of the 
Dirichlet type : at the upper boundary the temperature 
takes the value Td and the salinity the value S, and at 
the lower boundary the values T0 and S,, respectively. 

The boundary values for the variables v, T and S 
are, see Giestas et al. [4] : 

V/;& = 0, VI,=” = 0 (6) 

(Txzl:_d = 0, Uxrl;=O = 0 (7) 

z=o 
= -$ (8) 

w 

TJ,,, = Td, TLo = To (9) 

SI& = S,, S];=, = So. (10) 

As can be seen in equation (3) we assume that there 
is no internal heat generation in the layer of the fluid. 
The diffusion coefficients dependency will be detailed 
presently. 

2.1. Diffusion coefficients 
Thermal and salt diffusion coefficients are depen- 

dent on both temperature and salt concentration. 
Nevertheless, the system of equations (l)-(5) con- 
sidering KT and KS to be functions of T and S is 
very difficult if not impossible to solve analytically. 
Therefore, we have assumed KT and KS to be functions 
of z, in the same line of thought as Zangrando [8]. 
Appendix A gives a more detailed account of these 
dependencies. 

In the present analysis a linear variation for KT and 
KS is considered as follows : 

G(z) = KT, + (Gd -Go) f (11) 

KS (4 = KS, + (Ksd - KsJ ; (12) 

where 

KT, = K~(z)l,=o, KT, = K~(z)l,=d (13) 

KS, = Ks(z)I,=,> KS, = Ks(z)L. (14) 

2.2. Steady-state solutions 
Steady state solutions are obtained making the vel- 

ocity and all time derivatives equal to zero in the set 
of equations (l)-(5). Substituting KT and KS as given 
by equations (11) and (12) in equations (3) and (4) 
we obtain : 

V*(K,(z)VT) = 0 (15) 

V *(K,(z)VS) = 0. (16) 

Solving (15) and (16) and introducing the boundary 
conditions (13) and (14), the steady-state solutions T, 
and S, are as follows : 

T,(z) = T,+ Td-To ln(l+(z-1):) 
ln(K,dIK~O) 

(17) 

S,(z) = so + Sd-So ln(l+(z-1):). (18) 
ln(Ks,/&,s,) 

Figure 2 depicts these profiles for the following typical 
values : 

d=lm 

Td = 20°C S, = 0% 

To = lOtIC, So = 20% 

KT, = 1.43 x lo-’ m2 s-‘, KS, = 1.39x 10e9 m2 s-’ 

KT, = 1.73 x lo-’ m2 s-‘, KS, = 5.94x 10d9 m2 s-‘. 

(19) 

The figure clearly shows the nonlinearity of the 
salinity profile to be greater than the nonlinearity of 
the temperature profile, a direct consequence of the 
diffusivity of temperature being greater than the 
diffusivity of salt. We may note that Veronis [ 1] linear 
profiles are easily recovered from equations (17) and 
(18) by making KT, -+ KT, and KS, + KsO, as expected. 

2.3. Approximate formulation 
To satisfy equation (2) identically, the velocity v is 

expressed in terms of the stream function $ defined 
by : 

v=(U,U,w)= ($o,-$). (20) 

The dependent variables T, S and $ are considered 
to be the sum of the steady-state solutions T,, S, and 
tjs( = 0) and of the perturbation terms f, gand $ as 
follows : 

T= T,+F (21) 

s= S,+$ (22) 

lj = IJ. (23) 

A non-dimensionlisation is performed in accordance 
with [l]. Diffusivities KT and K, are non-dimen- 
sionalised by their average values & and KS defined, 
respectively, as : 

& = f 
s 

dKT(z)dz (24) 
0 

KS =f 
s 

dKs(z)dz 
0 

(25) 
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SW 
Fig. 2. (a) Steady-state temperature (non-constant diffusivities) ; (b) steady-state salinity (non-constant 

diffusivitiesj. 

thus becoming 

(26) 

Inserting relations (21)-(23) in the system of equa- 
tions (l)-(5) and taking into consideration the above 
non-dimensionalisation, the following set of equa- 
tions is obtained : 
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KS, - KS, 
g(z) = ln(Ks,/Kso)(Ks, - (Ksd - KS@) 

(31) 

The thermal and salinity Rayleigh numbers, l?a and 
$, respectively, and the Prandtl number Pr are also 
obtained using the average values for the thermal 
diffusion coefficients : 

R, = g@ATd’ 
‘3 

R =gBAsd3 - v, Pr=$. (32) 
&v ’ ’ RTv T 

The set of non-dimensionalised equations (27)-(29) 
is recast into a weak formulation, cf. [4] and s”, T and 
$ are approximated by the following linear com- 
bination of functions : 

T-= a,(I)cp,(x,z)+a*(t)rp,(x,z) (33) 

s^= h,(t)cp,(x,z)+b,(t)cp,(x,z) (34) 

ti = c, (04%(X, z). (35) 

where cp,, ‘pz and ‘p? are chosen as explained in [4] as : 

cpl(X>4 =4-z) (36) 

2ZX 
&(X,Z) = z(l-z)cos F 

( ! 
(37) 

~p~(x,z) = z*(l-z)sin 2rE 
( > i 

. (38) 

Introducing the approximations (33)-(35) in the 
weak formulation of (27)-(29) as in [4] the following 
system of ordinary differential equations for a,(t), 
u*(t), b,(t), b*(t) and c,(t) is obtained: 

ri, = - lOa, + %,a, 
141 (39) 

(40) 

(41) 

6, = -;gL2bz-; S,++ c, 
[ 1 (42) 

T 

i‘, = -2PrL,L,c,-~aPrL,E.(~~a,-%b2) 

(43) 

where 

1 
L, =p 

2x2 + 512 

2i~+71~’ 
L2 =7> 

L? = 
4n4 + 281*n* + 10514 

12 
(44) 

and where C and S, depend on the constants K,,, 

KTd, & and KS,, KS, and I& as presented in Appendix 
B. 

3. PROBLEM FORMULATION: THE INFLUENCE 

OF BOTH SOLAR RADIATION ABSORPTION 
AND NON-CONSTANT DIFFUSION 

COEFFICIENTS 

In this section we deal with the problem of a layer 
of fluid considering the effect of solar radiation 
absorption and assuming non-constant temperature 
and salt diffusion coefficients. Therefore, the depen- 
dence of KT and KS on z as given by equations (11) 
and (12) and the solution for salinity as proposed in 
equation (18) are assumed. 

We may note that the fact of considering KT and 
KS as functions of z instead of T and S allows the 
decoupling of the steady-state solutions of tem- 
perature and salinity. 

In order to take into account the effect of solar 
radiation absorption equation (3) is replaced by : 

$+v*VT= V*(K,VT)+ 4 
PC, 

(45) 

where 4 is the rate of energy generation per unit vol- 
ume in the layer and is given by (see [4]) : 

4(z) = dd)p ev( - Ad- 4) (46) 

where q(d) is the heat flux due to solar radiation at 
the upper boundary of the gradient zone and p is the 
extinction coefficient. The steady-state heat diffusion 
equation is derived from (45) making the velocity and 
all time derivatives equal to zero obtaining : 

a q(z) %? _=_ 
aZ Mz)~cp + k(z) 

(47) 

where V is a constant of integration. 
Considering the following flux boundary conditions 

for temperature : 

aTs 
az ;=d (48) 

aT, 4 
aZ .~ K,~PC, 

(49) 

where q is the total heat flux absorbed in the bottom 
convective zone which can be written according to [4] 
as : 

9 = (1 -.LMd) exp(-k4 (50) 

andf, denotes the heat flux extracted at the bottom 
expressed as a fraction of the total heat flux absorbed 
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Steady State Solution for Temperature 
(both effects with ,u=O.8 and &0.2) 

20 40 60 W 60 100 

Fig. 3. Steady-state temperature considering the effects of non-constant diffusivities and solar radiation 
absorption with p = 0.8 and p = 0.2. 

in the bottom convective zone, the steady-state solu- aF a ^ expW) -fe a& 
tion for temperature is obtained as : ai -J(ti3 r, +’ ET0 + @Td -z&p > ai 

x [Ei(A , (z)) - Ei(A 1 (d))] +feF, In 1 - 

+ t(l -exp(-&If,) 

with 

gdew(-&I 
F’ = PC,(KT~-KTJ ’ A,(z) =P(z+&) 

with : 

(54) 

(55) 

(56) 

d 
ci = cTa, a = -gdev(-pd) pc, (57) 

(52) Considering the same approximation functions as 

where Ei(x) is the exponential integral function in the previous section system (39)-(43) becomes 

defined by : now : 

Ei(x) = (53) 
d, = - lOa, + 71c,a2 

14/I (58) 

A graphical representation of the steady-state solu- 
tion obtained for temperature is presented in Fig. 3 
where the effect of solar radiation absorption on the 
profile curvature is clear. 

Making KTd -+ KT, and KS, -+ KS, in equation (51) 
the correspondent steady-state solution with constant 
diffusion coefficients presented in [4] is easily reco- 
vered. 

(59) 

(60) 

(61) 

Taking into account the steady-state solutions 
equations (18) and (51) and the respective boundary C, = -2PrL,L,cl-~n??Lli.(&,a2-Rsb2) (62) 

conditions, the set of equations (l)-(5) with equation 
(3) replaced by equation (45) becomes, after non- where P denotes a polynomial in KT,, KT, and p. The 
dimensionalisation : expression for this polynomial is very long and of no 
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particular relevance and, thus, is not included in this 
paper, but is available from the authors, upon request. 

4. STABILITY RESULTS 

Studies concerning stability criteria for a layer of 
fluid with linear profiles of temperature and salt were 
made by Veronis [I] and Schechter [2], employing a 
linear theory to obtain the marginal states for stability. 
In the present analysis the same procedure is adopted. 

Systems (39))(43) and (58)-(62) are linearised 
about the origin and solutions of the type Ai exp(kwt) 
are proposed leading to a linear system of algebraic 
equations. The characteristic polynomial associated 
with the matrix of this system provides the stability 
conditions for the problem [4]. These conditions deter- 
mine the different zones in the (R,, R,) plane which 
correspond to different types of motion. 

The transition from a pure conductive state to a 
steady convective state is made through an unstable 
motion beginning with oscillatory motions [l]. The 
results obtained for the stability marginal states for 
the different cases are summarised as follows. 

Case 1 : The influence of non-constant dcfusion coef- 
jicients 

The marginal states for stability obtained from sys- 
tem (39)-(43) are : 

(1) Marginal state equation for steady convective 
motion 

(2) Marginal state equation for the onset of oscil- 
latory motion 

where 

(64) 

KS 
T-=7) 

L2 

G F= ;tL,L,’ (65) 

In the present case the following typical values for 
a solar pond are used : 

f& = 3.665 x 10m9 m2 SC’, & = 1.58 x lo-’ m2 SC’ 

Pr = 4.11, 7 = 0.02319. 

(66) 

Introducing these data and 1 = 2.131 obtained as 
described in [4], equations (63) and (64) become : 

rr, = 42.49$ + 1795.8 (67) 

R, = 0.868$-t 1843.4. (68) 

The zone in the (R,, R,) plane where oscillatory 
motion takes place is very narrow and is delimited by 
the intersection of the half planes : 

Ra > 0.868$ + 1843.4 (69) 

& < 0.985$ + 1843.2 (70) 

as shown in Fig. 4. This points to the conclusion that 
there is practically no transition to an unstable state 
through periodic motions. 

Case 2 : The joint effect of the influence of solar radi- 
ation absorption and non-constant diffusivities 

The marginal states for stability obtained from sys- 
tem (58)-(62) are : 

l.E+08 - 

Oscil. Freq. and Onset of InstabIlItIes 
(non-constant dlffusivities) 

l.E+07 -~ 

Ral.E+05 -- 

15+04 -- 

1c 
l.E+03 -- 

l.E+02 II- -i 
l.E+OZ i.E+03 1 .E+O4 l.E+05 l.E+08 1Ji+07 l.E+08 

RS 

Fig. 4. Oscillatory frequency and onset of oscillatory motion (non-constant diffusivities). 
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1 .E+08 - 

I 
9.E+07 

I 
&E+07 

I 

7.E+07 
I 

6.E+07 1 

Ra5.E+07 1 

4.E+07 I 

Marginal States for Stability considering both effects 

1 .E+ol 1 .E+07 Z.E+07 3.E+07 4.E+07 5.E+07 6.E+07 7.E+07 8.E+07 9.E+07 1 .E+OB 

RS 

Fig. 5. Marginal states for stability considering the effects of non-constant diffusivities and solar radiation 
absorption with p = 0.8. 

(1) Marginal state equation for steady convective 
motion 

(2) Marginal state equation for the onset of oscil- 
latory motion 

(72) 

The dependence on salt diffusion coefficient is con- 
veyed in S, and the effect of considering solar radi- 
ation absorption is expressed in the factor l/aP which 
is a function of K,,, KT, and p. 

Employing the same values as in Case 1 and p = 0.8, 
equations (71) and (72), become : 

& = 27.5$ + 1160.9 (73) 

l?% = 0.562% + 34.35. (74) 

The half plane that limits oscillatory motion is given 
now by: 

$ < 0.631r,+ 1191.5. (75) 

Figure 5 depicts equations (73) through (75). 
The most evident conclusion is that these relations 

lead to a stability situation clearly more restrictive 
than the case corresponding to non-constant diffusion 
coefficients only. It can be seen from Fig. 5 that oscil- 
latory motions occur for a wider range of values of R,. 

4.1. Comparison with previous studies 
Veronis [I], Schechter [2] and Turner [3] provided 

the basis for stability studies concerning double 

diffusion systems as, for instance, thermohaline con- 
vection in solar ponds. Table 1 summarises the results 
obtained in the present analysis, the results obtained 
previously in [4] and those obtained earlier by Veronis 
[l]. The results are presented in terms of the slopes 
of the marginal states equations. Note that as the 
Rayleigh numbers for solar ponds are in the order of 
lo9 the independent terms of these equations can be 
neglected. From Table 1 we may conclude that for the 
onset of instabilities Veronis stability results are more 
restrictive than those prevailing when the effects of 
solar radiation absorption and of non-constant 
diffusivities are considered in a decoupled way, but 
less restrictive when these effects are considered 
together. 

Figure 6 shows the equation for the onset of insta- 
bilities obtained by Veronis and the equation for the 
onset of instabilities when the effect of non-constant 
diffusivities, equation (68), is taken into account. For 
typical values of the Rayleigh numbers the results are 
very similar, the greatest difference occurring only for 
small Rayleigh numbers values, that is, for a situation 
of a layer with a low salinity gradient or with a high 
viscosity. 

Figure 7 represents the equation for the onset of 
instabilities for the case of non-constant diffusivities, 
the case of both effects and Veronis results. For the 
onset of steady convective motion we may conclude 
that Veronis results are less restrictive than the results 
of considering the effect of solar radiation absorption 
and the effect of non-constant diffusivities either 
coupled or decoupled, as can be seen in Fig. 8. As a 
general conclusion we may say that, when the joint 
effects of solar radiation absorption and of non-con- 
stant thermal and salt concentration diffusion 
coefficients are present, the marginal states for the 
beginning of instabilities occurs for smaller values of 
the thermal Rayleigh number. 
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Table I, Slopes of marginal states equations 
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(1) (2) (3) (4) 

(i) I?* = 0.809R& & = 0.845{, Ea = 0X68$ ,‘?a = 0.562% 
(ii) I?a = 43.16l?, R, = 42.49R, Ir, = 41.44R, Ra = 21.52R\ 

(1) Veronis results [l]. 
(2) Results obtained when the effect of solar radiation absorption is considered [4]. 
(3) Results obtained when the effect of non-constant diffusivities for temperature and salt 

is considered. 
(4) Results obtained when both effects are present. 
(i) Onset of instabilities. 

(ii) Onset of steady convective motion. 

9E+ II----- 

7E+ 11: 

Ra 

4E+ Hi 

3E+ II 

2E+ II-- 

lE+ II 

- Veron1s results 

Equation (68) (non-constant diffusivities) 

-0 lE+ I1 2E+ 11 3E+ 11 4E+ 11 5E+ 11 6E+ 11 7E+ 11 8E+ 11 9E+ 11 IE + 

RS 

Fig. 6. Comparison of onset of oscillatory motion considering non-constant diffusivities and Veronis 
analysis results. 

5. CONCLUSIONS 

The thermohaline problem has been extensively 
studied by different authors [l-3]. Linear profiles of 
salt and temperature were generally assumed and stab- 
ility criteria for this situation have been determined. 
The double diffusion problem was previously [1, 2, 71 
studied considering a layer of fluid heated from below 
and with constant thermal and salt diffusion 
coefficients leading to linear profiles for both tem- 
perature and salt. In these conditions the stability 
criteria for the layer was determined in terms of ther- 
mal and solutal Rayleigh numbers [l]. The results 
obtained have been extensively used in the context of 
solar ponds in order to determine the gradient of 
salinity needed for preventing convection. 

Nevertheless, in the gradient zone of a solar pond 
linear profiles of both salt and temperature are rarely 

present due to solar radiation absorption in the layer 
and to non-constant diffusion coefficients. 

The problem of stability of a layer of fluid with 
linear salinity profile and with heat absorption in the 
layer, leading to a non-linear temperature profile, was 
addressed in [4]. The results obtained showed that 
the marginal state condition for the stability of the 
gradient zone (initiation of oscillatory motion) was 
less restrictive than those obtained by Veronis [1] for 
the case of linear profiles. 

In the present paper we have considered: (i) the 
influence of non-constant diffusion coefficients for 
both heat and salt yielding non-linear profiles for tem- 
perature and salt; and (ii) the problem when the 
effects of non-constant diffusion coefficients and heat 
absorption in the layer are taken together. 

The analysis showed that the temperature profile is 
basically controlled by the solar radiation absorption 
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7E+ II 

6E+ 11 

5E+ 11 
Ra 

4E+ 11 

3E+ 11 

ZEt 11 

IE+ II 
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- Equation (68) (non-constant diffusivities) 

- - - Veronis equation 

Equation (74) (both effects) 

0 iE+ 11 2Et 11 3E+ I1 4E+ II 5E+ 11 6E+ II 7E+ II 8E+ II 9E+ 11 1E + 12 

RS 

Fig. 7. Marginal states for the onset of oscillatory motion considering the effects of non-constant diffusivities 
and solar radiation absorption and Veronis criteria 

4.5E + 13 

4E+ 13 

3SE + 13 

3E+ 13 

2.5E + 13 

Ra 
2E+ 13 

1.5E + 13 ~- 

1E + 13 -- 

5E + 12 .. 

_..- _..-. 
._:. _..- 

. . . . _..* 

.,a. 
_... _..- 

__.- 

- Equation (67) (non-constant diffusiviti 

- - - Veronis marginal state equation 

. . . . . . Equation (73) (both effects) 

0 
0 lE+ 11 2E+ 11 3Etll 4E+11 5E+ll 6Etll 7Et11 8E+ 11 9E+ 11 12 

Rs 
Fig. 8. Marginal states for the steady convection considering the effects of non-constant diffusivities and 

solar radiation absorption and Veronis criteria. 

in the layer, whereas the salinity profile is a conse- 
quence of non-constant diffusion coefficients of both 
salt and temperature. 

When non-constant diffusion coefficients and solar 
radiation absorption are taken separately the mar- 
ginal states obtained differ slightly from the results 
obtained by Veronis. However, when considering 
both effects the results differ appreciably and are much 
more restrictive, that is, the onset of oscillatory 
motions starts at values of R, lower than the critical 
values of R, derived by Veronis. 

This result is a consequence of the ratio between 

thermal and salinity diffusion coefficients being about 
two times greater than when those effects were con- 
sidered in a decoupled form. This situation can be 
analysed with the help of Fig. 9 where the motion of 
an hypothetical fluid element is described. In this 
figure, two different situations are depicted. 

The first considers linear profiles for both tem- 
perature and salt and reflects the analysis performed 
by Veronis. In a second situation both profiles are 
non-linear as a consequence of solar radiation absorp- 
tion and non-constant diffusion coefficients. 

In both situations a given fluid element starts at 



The influence of non-constant diffusivities on solar ponds stability 4389 

T s T S 

Linear profiles for both Non-linear profiles for both temperature 
temperature and salinity and salinity (case of both effects) 

Fig. 9. Diagram of the onset of instabilities considering the transport of a fluid element. 

position A and rises in the layer as a consequence of 
a small perturbation. In the first situation, the element 
reaches a less warm and with less salt concentration 
zone (2), becoming heavier and falling to a position 
(3) below the starting position (1). This shows how a 
small perturbation can be amplified as a consequence 
of the difference between thermal and salt diffusivities. 

In the second situation the same fluid element 
reaches the same less warm zone (2) than in previous 
situation. In this case, the element loses less salt and 
becomes heavier falling to a place A” with A” < A. 
This figure shows that in this situation small per- 
turbations are more amplified than in the previous 
case. Therefore, instabilities take place for smaller 
values of thermal Rayleigh numbers. 

It remains clear that to maintain the non-con- 
vectivity of the layer of fluid, i.e. to maintain the layer 
stable it is necessary to increase the gradient of salinity 
in the pond and, therefore, more salt is needed to 
prevent instabilities than the amount considered 
previously. 
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APPENDIX A : DIFFUSION COEFFICIENTS 
DEPENDENCIES 

Thermal and salt diffusion coefficients are dependent on 
both temperature and salt concentration. A least square fit to 
the International Critical Tables for a range of temperature 
between 5 and 100°C and for a salinity range between 0 and 
20% yield the following expressions for KT and KS : 

KT = (1.33+0.00563T-0.00002T’ 

+O.O0603S,-0.00019S:) x lo-’ (Al) 

KS = (8.16+0.255T+0.00254T2-0.28& 

+0.0147s;) x lo-‘O (A2) 

where S, denotes the value of salt concentration in weight 
percent, S, = S/p x 100. 

KT and K, can be considered as functions of the depth z. 
The relations (15) and (16) can, thus, be written as : 

&(T,s)~= G (A4) 

where C, and C, are integration constants. The solutions for 
KT and KS as functions of z were numerically obtained 
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Fig. A 1. (a) KT as function of z ; (b) KS as function of z. 

through a 4th order Rung&Kutta method together with a 
shooting procedure to adjust the integration constants, in 
order to satisfy the boundary conditions values for 7’and for 
S. The relations obtained are : 

Kr = 1.7319473 x 10-‘-4.740486x lO-‘z 

T, = ~ 203.0656249 arctanh(0.3691346365z 

+0.03702351844)+107.5216419 (A7) 

.S, = - 198.9594401 arctan(5.7781499262 

10.92859514)-274.3619146. (A8) 

-2.3631973 x IO-‘2’ (A5) 

KS = (5.9608745~6.250911~+ 1.652486~‘) x 10m9 (A6) 

and are depicted in Fig. Al. 

These profiles are practically the same as those of equations 
(17) and (18), obtained analytically, when KT and KS are 
considered as linear functions of z, as can be easily seen in 
Fig. A2. 

The steady-state solutions for both temperature and sal- This result validates the basic assumption that thermal and 
inity were derived from equations (15) and (16) assuming salt concentration diffusion coefficients can be considered as 
relations (A5) and (A6), yielding : linear functions of z. We may note that in equations (17) and 
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Fig. A2. (a) Steady-state temperature considering Kr as a quadratic function of z ; (b) steady-state salinity 
considering Ks as a quadratic function of z. 

(18) the contribution of the different physical parameters is 
clear which is not the case when numeric equations (A7) and 
(A8) are considered. 

+ 3K:$) + ~OIY:~+K$~ + 2K$ + 60K$dK:o ln(KT,,))! 

(ln(Krd - ln(KTO))(K,,, - Kr,)’ @I) 

APPENDIX B: EXPRESSION FOR THE 
COEFFICIENTS C AND S, APPEARING IN 

S, = (- 15K~dKs,,-20K~dK~o-30KsdK~o-60K~dKs,, ln(KsJ 

EQUATIONS (39)-W) + 3Kin +60KGdKg,, +2K;d + 60K~dK~oln(KsO))i 

C = (- 15K~dKTo-20K~dk~~-30KTdK~o-60K~~KToln(KTd) (ln(Ks,, -ln(Kso))(Kso -KS,)‘. (B2) 


